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1 Introdution
Let F be a nite extension of a p-adi eld, K a quadrati extension of F .
The prinipal series representations of GL2(K) distingushed for GL2(F ) are
well known, it's also known that the Steinberg representation is distingushed
( f.[A-T℄ for a summary of these results due to Y.Fliker, J.Hakim and
D.Prasad,).
Moreover there is a omplete haraterisation of distinguishedness in terms
of the epsilon fator (due to J.Hakim) and in terms of base hange from
representations of the unitary group U(2, K/F) (due to Y.Fliker, f.[A-T℄
for a loal proof).
Using those, we give here a desription of dihedral representations on the
parameter's side (those whih the Langlands orrepondane assoiate with
2 dimension indued representations of the Weil group of K, f.(2) p.122 in
[G-L℄) distinguished with respet to GL2(F ).
Every distinguished representation of GL2(K) is paramatrised by a regular
multipliative harater ω of a quadrati extension L of K.
We show ( theorem 5.1) that suh a representation is distinguished for
GL2(F ) if and only if one an hoose L to be biquadrati over F and ω
trivial one the invertible elements of the two other quadrati extensions of
F in L.
The results we prove here are theorems 3.3, 5.1 and 6.1. The method is
to isolate rst representations distingushed for GL2(F )+ using theorem 3.1,
then to determinate those who are GL2(F )-distinguished using theorems 4.1
and proposition 4.1.
Thus, in the ase of odd residual arateristi, we obtain every superuspidal
distinguished representations.
We also observe ( see proposition 5.3) that if we onsider the prinipal series
as paramatrised by a multipliative harater of a two dimensional semi-
simple ommutative algebra over K, the statement for distinguishedness is
the same as for the superuspidal dihedral representations.
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We then give a generalisation of theorem 5.1 to dihedral representations (
non neessarily superuspidal) in theorem 6.1.
2 Preliminaries
2.1 Generalities
We onsider F a nite extension of Qp, and K a quadrati extension of F in
an algebrai losure F¯ of Qp.
If L is a quadrati extension of K in F¯ , then to every harater ω of L∗, we
assoiate a representation of GL2(K) via the Weil representation ( f.[J-L℄
p.144).
Suh a representation is alled dihedral.
We note θ the onjugation of F/K.
For A is a ring, we note A∗ the group of its invertible elements.
For E2 a nite extension of a loal eld E1, we note respetively TrE2/E1
and NE2/E1 the trae and norm of E2 over E1.
We also note Gal(E2/E1) the Galois group of E2 over E1 when E2/E1 is
Galois, otherwise we note AutE1(E2/E1) the group of automorphisms of the
algebra E2 over E1.
Moreover if E2 is quadrati over E1, we note ηE2/E1 the nontrivial harater
of E1
∗
with kernel NE2/E1(E1
∗).
For n a positive integer, we note GLn(K)+, the subgroup with index two of
GLn(K), of matries whose determinant is a norm of K over F .
For Π a representation of a group G, we note π its lass, and Π∨ its smooth
ontragedient when Π is a smooth representation of a totally disonneted
loally ompat group.
If φ is an automorphism of G, we note Πφ the representation of G given by
Π ◦ φ.
If H is a subgroup of G, and µ is a harater of G, we say that a representa-
tion Π of G is µ-distinguished for ( with respet to) H if there exists on the
spae of Π a linear funtionnal L verifying for h in H, L ◦ Π(h) = µ(h)L.
If µ is trivial, we say that Π is distinguished for H.
2.2 Quadrati extensions of K
For L a quadrati extension of K, three ases arise:
1. L/F is biquadrati ( hene Galois), it ontainsK and two other quadrati
extensions F , K ′ and K ′′.
Its Galois group is isomorphi with Z/2Z × Z/2Z, its non trivial ele-
ments are onjugations of L over K, K ′ and K ′′.
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Figure 1:
The onjugation L over K extend those of K ′ and K ′′ over F .
2. L/F is yli with Galois group isomorphi with Z/4Z.
3. L/F non Galois. Then its Galois Closure M is quadrati over L and
the Galois group of M over F is dihedral with order 8.
To see this, we onsider a morphism θ˜ from L to F¯ whih extends
θ. Then if L′ = θ˜(L), L and L′ are distint, quadrati over K and
generate M biquadrati over K. M is the Galois losure of L beause
any morphism from L into F¯ , either extends θ, or the identity map of
K, sothat its image is either L or L′, so it is always inluded in M .
Finally the Galois group M over F annot be abelian ( for L is not
Galois), it is of order 8, and it's not the quaternion group whih only
has one element of order 2, whereas here the onjugations of M over
L and L′ are of order 2. Hene it is the dihedral group of order 8.
We dedue from this the folowing lattie:
L’ B N’
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Figure 2:
Here M/K ′ is yli of degree 4, M/K and B/F are biquadratis.
In the ase p odd, F has exatly three quadrati extensions whih gen-
erate its unique biquadrati extension. If there exists L non Galois over F ,
then it implies that the ardinal q of the residual eld F veries q ≡ 3[4],
and M is generated over L by a primitive fourth root of unity in F¯ .
2.3 Quadrati haraters
We wish to alulate how ηL/K restrits to F
∗
in the following two ases.
1. If L is biquadrati over F , then ηL/K has a trivial restrition to F
∗
.
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Indeed, we haveNL/K(K
′∗) = NK ′/F (K
′∗) andNL/K(K
′′∗) = NK ′′/F (K
′′∗)
beause the onjugation of L over K extend those of K ′ and K ′′ over
F .
Both these groups are distit from loal lass eld theory and of index
2 in F ∗, sothat they generate this latter, but both are ontained in
NL/K(L
∗) whih therefore ontains F ∗.
In other words ηL/K restrits trivially to F
∗
.
2. If L is yli over F , then ηL/K |F ∗ is non trivial.
If it wasn't the ase, F ∗ would be ontained in NL/K(L
∗), and ompos-
ing with NK/F on both sides, F
∗2
would be a subgroup of NL/F (L
∗).
But F ∗2 and NL/F (L
∗) have both index 4 in F ∗ and give dierent
quotients ( Z/2Z×Z/2Z for the rst and Z/4Z for the seond), sothat
one annot be ontained in the other.
2.4 Weil's representation
Let L be a quadrati extension of K, then for any harater ω of L∗ , we
assoiate an irreduible representation Π(ω) of GL2(K) ( f.[J-L℄), with en-
tral harater ω|K∗ηL/K .
If ω is regular for NL/K , then Π(ω) is superuspidal, otherwise there exists
a harater µ of K∗ sothat ω = µ ◦NL/K , and then π(ω) is the the prinipal
series π(µ, µηL/K).
The onjugation of K over F naturally extends to an involutive auto-
morphism of GL2(K) whih we also note θ.
Here we want to determinate Π(ω)θ.
Suppose there exists θ˜ an element of AutF (L/F ) whih extends θ, we then
have:
Proposition 2.1 If θ extends to an element θ˜ of AutF (L/F ), then Π(ω)
θ
is isomorphi with Π(ωθ˜) .
Proof :
Following [J-L℄, Π(ω) is the indued of r(ω,ψF ) from Gl2(K)+ the group
GL2(K).
The spae of this representation S(L,ω) is onstitued by the ontinuous
funtions f with ompat support from L∗ to omplex numbers verifying,
for x in L and y in Ker(NL/K), f(xy) = ω
−1(y)f(x).
Then the mapping whih assoiates to f in S(L,ω) the funtion f θ = f ◦θ˜
is an equivariant morphism between r(ω,ψF )
θ
and r(ωθ˜, ψF ).
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We then see π(ω)θ = [Ind
GL2(K)
GL2(K)+
(r(ω,ψF ))]
θ ≈ [Ind
GL2(K)
GL2(K)+
(r(ω,ψF )
θ)] ≈
Ind
GL2(K)
GL2(K)+
(r(ωθ˜, ψF )) = π(ω
θ˜) where Ind
GL2(K)
GL2(K)+
designs the indued rep-
resentation from GL2(K)+ to GL2(K).
Remark :
It is not always true that θ extends to an element θ˜ of AutF (L/F ).
For instane, take F loal with residual harateristi q ≡ 3[4], and let πF
be a prime element ( generating the maximal ideal of the integers ring).
We hoose K = F (πF
1/2) and L = F (πF
1/4).
Let θ˜ be a F linear morphism extending θ to L, with values in F¯ . Then
θ˜(πF
1/4) = iπF
1/4
, where i is a primitive fourth root of unity.
Indeed i2 = −1, beause θ˜(πF
1/2) = θ(πF
1/2) = −πF
1/2
.
Moreover, i annot be in L: indeed, this element is a root of unity with order
prime to q, thus it would implie that the residual eld of L, whih is the one
of F as L/F is totally ramied, ontains a primitive fourth root of unity.
This annot happen beause 4 does not divide q − 1.
We onlude that any F linear morphism extending θ to L, sends L onto
F (iπF
1/4) whih is distint from L , and hene annot be in AutF (L/F ).
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3 Representations distinguished by a harater
3.1 Denitions and preliminary results
The following theorem due to Y.Fliker [A-T℄ ( th. 1.3) will be of onstant
use.
Theorem 3.1 Let Π be an irreduible admissible representation of GL2(K),
suh that cpi is trivial on F
∗
. Then πθ = π∨ if and only if π is distingushed
or ηK/F -distinguished for GL2(F ).
Let GL2(F )+ be the subgroup of index two in GL2(F ), it is lear that if a
representation of GL2(K) is distinguished or ηK/F -distinguished for GL2(F ),
it is distinguished for GL2(F )+, the reverse is true.
Proposition 3.1 (f.[P℄, p.71)
A representation of GL2(K) is distinguished or ηK/F -distinguished for
GL2(F ) if and only if it is distinguished for GL2(F )+.
Proof :
We show the non trivial impliation.
Let s be an element of GL2(F ) whose determinant is not a norm and let
Π be a GL2(F )+-distingushed representation.
Let L+ be the GL2(F )+-invariant linear form on the spae of Π, two
ases arise:
1. IfΠ∨(s)L+ = −L+, then for h inGL2(F )\GL2(F )+, we have Π
∨(h)L+ =
Π∨(h)Π∨(s2)L+ = Π
∨(hs)Π∨(s)L+ = −L+ beause hs is in GL2(F )+
( here we also note Π∨ the non smooth ontragedient). Π is therefore
ηK/F -distinguished for GL2(F ).
2. Otherwise Π∨(s)L+ 6= −L+, and L+ + Π
∨(s)L+ is xed under the
ation of GL2(F ).
Theorem 3.1 takes the following form:
Theorem 3.2 Let Π be an irreduible admissible representation of GL2(K).
Then Π is GL2(F )+-distinguished if and only if π
θ = π∨ and cΠ restrits
trivially to F ∗.
3.2 Desription of the GL2(F )+-distinguished representations
Theorem 3.3 A superuspidal dihedral representation Π of GL2(K) is GL2(F )+-
distinguished if and only if there exists a quadrati extension L of K bi-
quadrati on F , and a multipliative harater ω of L trivial on NL/K ′(K
′∗)
or on NL/K ′′(K
′′∗), suh that π = π(ω).
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Proof:
Let L be a quadrati extension of K and ω a regular multipliative of
L suh that π = π(ω), we note σ the onjugation of L over K, three ases
show up:
1. L/F si biquadrati.
we note σ′ the onjugation of L over K ′ and σ′′ the onjugation of
L over K ′′, σ′ and σ′′ both extend θ, and thus an play θ˜'s role in
proposition 1.1.
The ondition π∨ = πθ whih one an also read π(ω−1) = π(ωθ˜), is
then equivalent to ωσ
′
= ω−1 or ωσ
′′
= ω−1.
This is equivalent to ω trivial on NL/K ′(K
′∗) and on NL/K ′′(K
′′∗).
As ηL/K , ηL/K ′ , and ηL/K ′′ are trivial F
∗
, we have cpi |F ∗ = ω|F ∗ηL/K |F ∗ =
1 for suh a representation .
2. L/F is yli, the regularity of ω makes the ondition π(ω−1) = π(ωθ˜)
impossible.
Indeed one would have ωθ˜ = ω−1, whih would implie ωσ = ω for
σ2 = θ, and so ω would be trivial on the kernel of NL/K from Hilbert's
theorem 90.
Π an therefore not be GL2(F )+-distniguished.
3. L/K is not Galois ( whih implies q ≡ 3[4] in the ase p odd), we note
again θ the onjugation of B over K ′ whih extends the one of K over
F .
Let πB/K be the representation of GL2(B) whih is the base hange
lifting of π to B. As πB/K = π(ω ◦ NM/L), if ω ◦ NM/L = µ ◦ NM/B
for a harater µ of B∗, then π(ω) = π(µ) ( f.[G-L℄, (3) p.123) and we
are brought bak to ase 1.
Otherwise ω ◦NM/L is regular for NM/B .
If π was GL2(F )+-distinguished, taht is π
θ = π∨ and cpi |F ∗, we would
have πθB/K = π
∨
B/K and cpiB/K = cpi ◦NB/K from theorem 1 of [G-L℄.
As NB/K(K
′∗) = NK ′/F (K
′∗) for the onjugation of B over K extends
that of K ′ over F , one would dedue that cpiB/K would be trivial on
K ′∗ and theorem 2.2 would implie that πB/K would be GL2(K
′)+-
distinguished.
That would ontradit ase 2 beause M/K ′ is yli.
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4 Distingushed representations
We desribed in the previous setion the superuspidal dihedral representa-
tions of GL2(K) whih are GL2(F )+ distinguished.
We want to haraterize those who are GL2(F )-distinguished among them.
4.1 Denitions and useful results
We refer to [J-L℄ for denitions and basi properties of ǫ fators attahed to
an irreduible admissible representation of GL2(K), and to [T℄ for those of
ǫ fators attahed to a multpliative harater of a loal eld.
The ǫ used here for representations of GL2(K) is the one desribed in [J-L℄
evaluated at s = 1/2 and the ǫ attahed to a multpliative harater of a
loal eld is Langlands'ǫL desribed in [T℄.
We will use the three following results.
The rst, due to J.Hakim an be found in [H℄, page 8.
Here we repaed γ with ǫ beause both are equal for superuspidal represen-
tations:
Theorem 4.1 Let Π be a superuspidal irreduible representation of GL2(K),
and ψ a nontrivial harater of K trivial on F . Then Π is distinguished if
and only if ǫ(Π⊗ χ,ψ) = 1 for every harater χ of K∗ trivial on F ∗.
The seond, due to Fröhlih and Queyrut, is in [F-Q℄, page 130 :
Theorem 4.2 Let L2 be a quadrati extension of L1 whih is a quadrati
extension of Qp , then if ψL2 is the standard harater of L2 and if ∆ is
an element of L2
∗
with TrL2/L1(∆) = 0, we then have ǫ(χ,ψL2) = χ(∆) for
every harater χ of L∗2 trivial on L
∗
1 .
The third is a orollary of proposition 3.1 of [A-T℄:
Proposition 4.1 There exists no superuspidal representation of GL2(K)
whih is distinguished and ηK/F -distinguished at the same time.
5 Desription of distingushed representations
Theorem 5.1 A dihedral superuspidal representation Π of GL2(K) is GL2(F )-
distinguished if and only if there exists a quadrati extension L of K bi-
quadrati over F , and a regular multipliative harater ω of L trivial on
K ′∗ or on K ′′∗, suh that π = π(ω).
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Proof:
From the seond setion, we an suppose that π = π(ω), for ω a regular
multipliative harater of a quadrati extension L of K biquadrati over F ,
with ω trivial on NL/K ′(K
′∗) or on NL/K ′′(K
′′∗).
Let ψK be the standard harater of K, ψL the one of L, and a a non
null element of K suh that TrK/F (a) = 0, whih implies TrL/K ′(a) =
TrL/K ′′(a) = 0.
we note (ψK)a the harater trivial on F given by (ψK)a(x) = (ψK)(ax).
To see if π(ω) is distinguished, we use Hakim's riterion ( th.3.1).
So let χ be a harater of K∗ trivial on F ∗, we have π(ω) ⊗ χ =
π(ω × χ ◦NL/K) and we note µ = ω × χ ◦NL/K .
i) if ω|K ′∗ = 1: on a ǫ(π(ω)⊗χ, (ψK)a) = ǫ(π(µ), (ψK)a) = ǫ(π(µ), ψK)µ(a)ηL/K(a).
Now ǫ(π(µ), ψK) = λ(L/K,ψK)ǫ(µ,ψL) ( f.[J-L℄ p.150), where the Langlands-
Deligne fator λ(L/K,ψK) equals ǫ(ηL/K , ψK) divided by its module.
As ηL/K |F ∗ = 1 et µ|K ′
∗ = 1, from theorem 4.2, we have that ǫ(µ,ψL) =
µ(a) and ǫ(ηL/K , ψK) = ηL/K(a).
We dedue that ǫ(π(ω) ⊗ χ, (ψK)a) = µ(a)
2ηL/K(a)
2 = 1 for a2 is in F .
π(ω) is therefore distinguished.
ii) If ω|K ′∗ = ηL/K ′ : Let χ
′
be a harater of K∗ whih extends ηK/F ,
then χ′ ◦NL/K equals ηK/F ◦NK ′/F on K
′
beause the onjugation of L over
K extends the one of K ′ over F .
But ηK/F ◦NK ′/F is trivial on the image of NL/K ′ from the identity NK ′/F ◦
NL/K ′ = NK/F ◦NL/K , but not trivial for NK ′/F is not the kernel NK/F (K
∗)
of ηK/F from loal lass eld theory.
Thus ω × χ′ ◦NL/K is trivial on K
′
, and we dedue that π(ω)⊗ χ′ = π(ω ×
χ′ ◦NL/K) is distinguished from i).
This implies that π(ω) is ηK/F -distinguished and thus not distinguished from
proposition 3.1.
The ases ω|K ′′∗ = 1 and ω|K ′′∗ = ηL/K ′′ are handled as well.
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6 The prinipal series
Representations of the prinipal series of GL2(K) distinguished for GL2(F )
are well known, and desribed for example in proposition 4.2 of [A-T℄.
The result is the following:
Proposition 6.1 Let λ and µ be two haraters of K∗, whose quotient is not
the module of K or its inverse. The prinipal series representation Π(λ, µ)
of GL2(K) is GL2(F )-distinguished either when λ = µ
−θ
or when λ and µ
have a trivial restrition to F ∗.
Now one an onstrut the prinipal series Π(λ, µ) via the Weil represen-
tation ( f.[B℄ p.523 à 557), in this ase (λ, µ) identies with a harater of
K∗ ×K∗.
This way of parametrising irreduible representations of GL2(K) with
multipliatie haraters of two-dimensional semi-simple ommutative alge-
bras over K, inludes the prinipal series (for the algebra K ×K) and the
dihedral representations (for quadrati extensions of K).
Let L be a quadrati extension of K biquadrati over F , as we are
here interested with GL2(F )-distinguishedness, we onsider the following
F -algebras.
1. the algebra K ×K
One note AutF (K×K) its automorphisms group. The elements of this
group are (x, y) 7→ (x, y), (x, y) 7→ (y, x), (x, y) 7→ (xθ, yθ), (x, y) 7→
(yθ, xθ), and AutF (K ×K) is isomorphi with Z/2Z× Z/2Z.
The three sub-algebras xed by non trivial elements of AutF (K ×K)
are K via the natural diagonal inlusion, the twisted form K˜ of K
given by x 7→ (x, xθ), and F × F .
2. l'algèbre L
The group Gal(BF /K) of its automorphisms is isomorphi with Z/2Z×
Z/2Z.
The three sub-algebras xed by non trivial elements of Gal(BF /K) are
K, K ′ et K ′′.
We then observe that proposition 5.2 for the prinipal series has the same
statement that the one for theorem 4.1:
Proposition 6.2 A prinipal series representation Π(λ, µ) of GL2(K) is
GL2(F )-distinguished if and only if the multipliative harater (λ, µ) is triv-
ial one the invertible elements of one of the two intermediate sub-algebras of
K ×K distint from K.
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We now study dihedral non superuspidal representations.
Let Π be suh a representation, there exists a quadrati extension L over K
and a non regular multipliative harater ω of L suh that π = π(ω).
If µ is a harater of K∗ suh that ω = µ ◦NL/K , then π = π(µ, µηL/K).
Three ases arise:
1. For L biquadrati over F , we show that ω restrits trivially to K ′∗ or
K ′′∗ if and only if (µ, µηL/K) restrits trivially to K˜
∗
or to F ∗ × F ∗.
We have the following equivalenes:
• ω(K ′∗) = 1⇔ µ(NL/K(K
′∗)) = 1⇔ µ(NK ′/F (K
′∗)) = 1 beause
the onjugation of L/K extends the one ofK ′/F , and so ω(K ′∗) =
1⇔ µ|F ∗ = 1 or ηK ′/F .
• ω(K ′′∗) = 1 ⇔ µ(NL/K(K
′′∗)) = 1 ⇔ µ(NK ′′/F (K
′′∗)) = 1 be-
ause the onjugation of L/K extends the one of K ′′/F , and so
ω(K ′′∗) = 1⇔ µ|F ∗ = 1 or ηK ′′/F .
• (µ, µηL/K) trivial on K˜
∗ ⇐⇒ µθµηL/K = 1⇐⇒ µ◦NK/F = ηL/K .
We dedue that µ◦NL/F = 1, whih implies that µ|F ∗ = 1, ηK/F ,
ηK ′/F or ηK ′′/F , but the rst two possibilities are exluded by the
identity µ ◦NK/F = ηL/K .
Conversely if µ|F ∗ = ηK ′/F or ηK ′′/F , then µ◦NK/F is a harater
of order two of K∗ whih annot be trivial from loal lass eld
theory. As the equalities NL/F = NL/K ′ ◦ NK ′/K = NL/K ′′ ◦
NK ′′/K implie that µ◦NK/F is trivial on NL/K(L
∗), it is therefore
ηL/K .
Eventually (µ, µηL/K) trivial on K˜
∗ ⇐⇒ µ|F ∗ = ηK ′/F or ηK ′′/F .
• Also (µ, µηL/K) trivial on F
∗ × F ∗ ⇐⇒ µ|F ∗ = 1 beause we have
already seen that ηL/K is trivial on F
∗
.
• Finally these equivalenes show that ω(K ′∗) = 1 or ω(K ′′∗) = 1
⇐⇒ (µ, µηL/K) trivial on K˜
∗
or on F ∗ × F ∗.
2. If L is yli over F . One shows that π(ω) = π(µ, µηL/K) is distin-
guished if and only if µ|F ∗ generates the yli group of the haraters
of F ∗/NL/F (L
∗).
• It is not possible for (µ, µηL/K) to be trivial on F
∗ × F ∗ beause
we saw in the preliminaries that ηL/K is not trivial on F
∗
.
• (µ, µηL/K) trivial on K˜
∗ ⇐⇒ µ ◦NK/F = ηL/K .
We dedue as before that µ is a harater of F ∗/NL/F (L
∗).
As F ∗/NL/F (L
∗) is yli of order four, the same is true for its
haraters group.
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As µ ◦ NK/F = ηL/K , we dedue that µ|F ∗ is non trivial, more-
over if µ|F ∗ was of order 2, it would be equal to ηK/F whih
is the unique element with order 2 of the haraters group of
F ∗/NL/F (L
∗), whih ontradits µ ◦NK/F = ηL/K .
We dedue that µ ◦ NK/F = ηL/K =⇒ µ|F ∗ generates the dual
group of F ∗/NL/F (L
∗).
• Conversely if µ|F ∗ is of order four in the dual group of F
∗/NL/F (L
∗),
we dedue that µ◦NK/F is a harater ofK
∗
trivial on NL/K(L
∗),
but not trivial beause it would implie µ|F ∗ = 1 or ηK/F , namely
µ|F ∗ with order less than 2.
On onlude that µ ◦NK/F = ηL/K .
3. If L is not Galois over F . As ω◦NM/K = µ◦NM/F = µ
′◦NM/B , where
µ′ = µ ◦NB/F , we onlude as in the ase 3. of the proof of theorem
2.3 that π(ω) = π(µ′) and we are brought bak to ase 1. beause B
is biquadrati over F .
Thus we have the following general theorem:
Theorem 6.1 A dihedral representation Π of GL2(K) is GL2(F )-distinguished
if and only if π = π(ω) for some multipliative harater ω of a quadrati
extension L over K verifying i) or ii):
i) L/F is biquadrati , and ω|K ′∗ = 1 or ω|K ′′∗ = 1,
ii) L/F is yli and ω = µ ◦ NL/K for µ a harater of K
∗
whose
restrition to F ∗ generates the dual group of F ∗/NL/F (L
∗).
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